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Robust PCPs

We construct robust PCPs  for NP,

They are used as ‘uter PCPT in the proof of the PCP Theorem vio proof composition.

We consider hon-adap+ive verifiers : V-W(X;‘g) =P(§(X,Io),ﬂ'l:(|§(x,3)]) .

decision * state query
olgorithm odcdoriH\vn a\goﬂﬂw

Define RV):= {(s,0)| se Sxe)n 0 e TP AD(sa)=1 7} and RW)1:={al(s,q)e RWT
def: (PV) is o PCP system for o relation R with robustness parameter o if .

® com!slei-enessz s (x,w)eR _Er[\/"-(x)ﬂ ‘ T« Pxw) ] z21-€,.

@ robust soundness: ¥xg|(R) VT l:r[ A(T [&(x,g)]/ RW)[S(X,S’)])éf] € &g,

Robustness ae [o,/4) (urt Hamming distance over Z) is trivial,
The challenge is fo achieve @=1(1) even i€ q is super-constont,

We achieve o robust analogue of the poly-length polylog-query FCP:

Theorem: NP < PCP[ E.=0, E$:‘/2_, Z-‘-{O/‘}, (‘-‘-Poly("), 9= PO\y (\Ogh)/ g 0(1030)/ 0_=Lnl(|)]




Proof Plan

We prove the theorem in two steps, starting from the “canonical” PCP for NP,
PCP for RESAT that vses
NP gpcp[g(_:o/ E=1 /Z={°,\}/ K:PolY(“), clzpoly(losn), |’=O(|03n)]  The sumcheck protocol and
‘ the low-degree test
Step I: query bundling  reduce query complexity to constant at the expense of alphabet sige

oly.(logn)
NP & PCP[&:O/ £5=|3 / Z={°,‘}P y.log

Step 2: robustification achieve constant robustness (over {oi}) ot +he expense of query complexity

!

theorem: NP C PCP [ =0, ES=L,_ , Z={'0,I}/ ,€=po|7(h), q=|>ol>,(l03n), r:O(loan), 0‘=\S\:(|)]

, f=Poly(h)/ q=0(|)/ I'=O(|03h)]

We study each step,



Robustification [1/4]

GOAL: achieve good robustness over the binary alphabet, starting from a large-alphabet PCP,

IDEA: breoK eoch Iarge- Symbo\ query info multiple bit queries

T:-[2)~>Z ' [ loglZ11 = {01}
L T T
\ q / q':-.- c,oloalzl

This preserves completeness and soundness , ond reduces the olphabet to binary,

PROBLEM® +he resulting PCP. moy have trivial robustness o'e[o,q.h,sm .

Mony local views in the large-alphabet PCP may be | symbol (ovt of q) oway from accepting,
In the binary-alphabet PCP ~each such view may be | bit (out of c,-loalil) auoy from accepting.

The Simple. idea can be fixed to achieve this lemma:

lemmo PcP[&,Es,Z, ,@,q,\—] no de,penc‘i}e,nce on L

< pcP [Ec,Ss,Z'={o,l}, £'= O((loalzl), C|'=O(‘i"°8‘z‘)n \":\’/ Gﬂﬂ'(‘i&)]



Robustification [2/4]

TDeA: "SPQrsi?y " &cce.p’rinﬁ local views by encoding each prOOQ Sym\:ol via, an error—correcfin9 Code
o4 Enc:?:—*{O,l}N be an 'm\‘\e_dive mop with relative distance & (¥ distinct abe? A(Ene(a),Enc(b)) 7 § ).
IQMMG: PCP [8Ql85,2, flq/ \’] < PCP [Ec,ss,Z':{Oﬂ}, ,«’: K N , q'-:-. qN, \": \’/ G: z% ]

The prior lemma follows from +he fact that 3 Enc with N =0CloglZl) and E=uU(1).

standard - code -constryction - via Code: concatenat)on

T:[4]-Z T:[LUNY= {00}
. .
'\q/‘ LW W W W ' q-N rtrrrt
B (x,w) V™ ()
. T := P(x,w)e?.!Z Run V() by answering each query iele]l;
2. Yiell]): ¢i:= Enc ('lT[’l])e{O,‘}N * maKe N queries to read CiC{O,\]SN

3. OU'\’P\)‘l’ Tf* 32 (C‘)ie[z] € $°/|'§N°f * refuen 0;:= Enc’ (Ci)e 2 (\'&jQC\' i{ 0;=.L)

ComPle’re.ness: If xw)eR then B[ V=1 TePlxw)]21-€.. Since Blxw) ovtputs
M, = CEnc(TEiN)iere . Vel answers each query ie[4] of V) with Enc' (Enc(mlil))=TCil.




Robustification [3/4]

Robust soundness: Fix x& L(R) and -'|-"|-*= (a')ie[ﬂ e-fo,l}NJl.

Define CmEnc(Z)Q{O,I}N ond the Inferleoved code Cq:-—'{(c.,...,cq):Vie[q] CieC}S{O,I}N.q,
Observe that Vge{o/'}r K(V*)[S*(X,g)] c ! (every accepting local view is o codeword in cl).
The relative distance of C' is z% (since the relotive distance of C is »§) ,

so +he vunique-decoding rodivs of A s 4 (’v‘ue{o,IXN'q there is ot most one ceC' st Alu c)<§-),
(I 3 ! 29

9

Define the event E = ” local view ﬁ[Q*(X,g)] contains C; that is at elative) distance 98/7_ Yrom C“ .

ThQY\ -E\’ [A( ﬁ*[Q*(X/S)], K(V*)[Sx()(,g)]);z—% ] ( any Fobustness Parame?&r 6 < 2{1 ,e.9. 0= 481 )

¢ B[ A(Tulodng)], RGISKsD) < S €] + B[ Al Tlode)], RuNSxs)) < £ |E]

£ 0+ Es . ® The bound % can be wmproved to l—quiq_I/qN - H!{i/lﬂ

@ @ (% rovnded up fo the next mv\’riplt o q—lﬁ) via -the same qnodysis.

@ SUPPOSQ that E holds (T[@,(x9)] contoins & +hat is ot relative distance »%, from C).
Then ﬁ'*[&*(x,g)] 1S ot (relative) distance >,6/Zq from C' and thus from any accepting local view,
becavse every accepting local view consists of q sfrinas in C (e R(V*)[S*(x,g)] cCl).



Robustification [4/4]

® We are kit to prove that  Br[ A TulQule)], RiaIIsilxig))) < & | ] <&

Define the “correction” Th= (Cliergr where GeC is closest to & (break ties arbitrarily),
Define its decoding T := (Enc (E)),em e 3°.
By He soundness of V BLV, (x)] ?_r[VW(x) |]<€s

If E does not hold (every string in TT}[&;(X,%)] is ot relative distance <ds to C) ,
then no codeword in C1 is closer to Tx[@x(x,8)] +han T [Qxlx,9)]

q
|
q %A( Qx,g)Ly] 1€ )

> A s Canar) = AlTel0x62)], Talaatxg)]) .

1
9 =

Indeed, ¥ ced A(TT}[&;(X,%)],C)

A\

vhique - -decodi ing

¢ vadips -of .C?
Hence T,[Q.(xg)] is the ONLY local view that can Sa’flSFy A(Tel@xx,8)], T [Qulx9)]) < ; 6 s b €

Since R(V S, x9)1eCt if A(m[&*(x,?)],R(v*)[sg(x,?)]) =
then  A(T[@xxg)], W*[&a(xlg)])< o ond TG, 9] € ROVISklxge)] .
We conclude that
B[ Al Tulauxg)] RIS kg)) < & | E] < gr[ﬁ*[@,(x,s)]eﬂv*)[&x,s>]]=fr[vfﬂx)ﬂ]. _



Bundling Queries [1/7]

GoaL: Feduce query cgmplzxiiy o constant at the expense of al,ﬁobe’r Size

IDEA: provide the answer to each query set (as alarge symbol) + Consistency test

R (x,w) Vi*(x)

| T=Plxw) e Z% . Sample gefouY and ie [q].

2. For every gQ{o,\}r: 2. Read ag€ X7 and T[Qxg)0i1].
ag:= T[Alxg)le 3 2. Check that oglil= T[Q K81,

3. Outpult Thi=(T, (Rehye o) - 4. Check that V(x;q)=1 when

answering J-th query with agl;l.

T:¢]-2 O [9)-Z
Tr*1=( y ( T )ge{o,l}r)

lemma: PCF[&,ES,Z,Z,Q,V] = PCP[EC,ES'—:- |- ';:—s-, Z':Zﬁl ﬁ’:ﬁ'l'z“ , q';Z/ r's=r+ ,03QJ

Does NOT suffice for us: we need constawt soundness error even when q is super-constant ,

Nevertheless , We prove soundness becavse the analysis is o useful worm-up,



Bundling Queries [2/7]

lemma: PCF[Sc,Es,Z,Z,q,l’] = PCP[£¢,£;= |- "%, Z'=Zﬁl £'=4+2" ,9'=2 r'=t+ loaq]

Proo\} of soundness.

Fix xgLR) and Th=(T, (Os)ge{o,.}').

B [V =11= B[W*®=] VTeo=1] B [Viw0=1] + B [V*(x)=1 | VT0=0)- B[V (1=0]
¢ 1 B[Vim=] + B[ K=1] VT=0]- (1- B-[Ve=1])
¢ 1-B[Viw=] + (1-23)-(1- B[ Vi0=1])

= | L) = -1 1. -1 = _"-_ES
-q.Pr[V(x) Ji-g ¢ L& l-g=1- 58,

We are left +o show the inequality highlighted in green:

A | #“[Q(xlg)]
B[V (x)=1 | VT0=0] < B—M[V* (x; (3.8))=! Ing t@(x.g).asl(x;g)m]

3% V:r*(x y (8¥))=! I 0g# 'll'[@(x,g)]]

€ B—M :ag[x] = 'll‘[&(x,g)l_'ﬂll agﬂr[@(x,s)]]



Bundling Queries [3/7]

Fix a field T, subset Hc F, and number of voriables meN. Assume that IFl2max{IZ),q}.

7
Idcnh’?y [l] M'H\ HM [)y SC‘H’ing mn:= ":ﬁl;('" U S S S M m for convenience

View o query st Q(x8)< [4] as q elements in n"

C\Y)QV\QQS ?"‘OW\ prior OFProo‘ch;
» replace T:[L12% with s (FF,H m)-extension : "

¢ replace O¢:[q1=T with G ()= T(ag(2) € F ™21 yhere
Qg:ﬂ:eﬂ:"‘ iS m polyhomials oQ de,aree <q c.t V:‘e[q] QS(:)) -.-_-&(x,g)[;ﬂeHM.

(We yse 12,2/ to denote any 9 distinct elements in F.)

T F - as(2)
Wagrm Up: Tﬁ:z( ’ ( )?e{""}r)
P (x,w) Vi (x)
| Te=Plxw e T4 . Sampk gefoiY and YeF.
2. T:F >F is (¥ H, m)-extension of T. 2. Reod ageﬂ:[i‘] and T (Qg(¥)) .
3. Vge foa}": Aql2) = T(@y(2)). 2. Check that ag(¥) = T(Qq(¥)) .
k. Output T:= (T (ag),e{.,.}r). 4. Check that VI(x;8)=1 when

answering j-th query with Gg(y) .
10



Bundling Queries [4/7]

R A4(2) Vi (x)
Tf*z( ,( 96{01}) |. Sample ge¢ fo1} and Yef.
2. Read a5ef[2] and T (Qel¥)) .
2. Check that Qg(¥) = T(@g(¥)) .
4. Check that VIx;¢)=1 when

answering |-th query Wit Qe 1) .

For this worm-up case , we assume that T is an (F,H,m)-extension of (some) T:[41-Z.

Claim; 'H'\Q soundness error |S £ ) - (|—Es).(|— q‘;._:HI) . [:‘l'k'\S ]W\FI"OVQS on |- (\"Ss)“lﬁ:l

proof: Suppose. thot x@L(R) and fix a PCP = (T, (Redee got) -

I+ S\)-P; Ices to show ‘H\OC)' Pr[V:r *(x)=l, VTr(x)=0] $ %ﬁ (by a Similar analysis as the prior construction )

. [T 8o # TQ,]
B[V W=t vT0=0]) ¢ B, Ve (x; (5= jg vm,([ql),ag([ﬂ)l(x;g):o]

¢« B, 'vf*(x-(gx))-| 5o+ 10,1
]?rg ag[xJ r[&,(w)]| ag#“[@sl]
il B




Bundling Queries [5/7]

(2 how to handle +he hoisy case We no longer require that £ is the
That is Me=(f, (Agkegar) where {:F=F is arbitrary. (F,H,m)-extension T of some m:[{1+Z

ProeLem |1 The Rubinfeld—Sudan LOT that we studied makes w(1) queries to §.
In foct, every LDT makes dt+2=w(1) Gueries to £.

Fix 11 We use o large-alphobet constant-query PCPP for low-degreeness.

The Line vs. Point Test is such o PCPP.

A ; £, Gan)
Ror (8):= (Go,o= F (axsbeFFe £x])m,beﬁm VRA ST
l. Somple abeF and me .
2. Check that 4:(0‘/‘*“'L)=/3\a,h(f")~

ComP|e+QneSS: V? e T of total dagree_ sd -For TI'Px-B_pr({:) Pr [V{:Trrx -l =1,

Soundness: ¥ L:F"SF ¥ Trox = ( §a,b€ ﬂ:‘d[x])/ £ is 8-far from total degree d — Br [V,_f 'x—|]\< Eer(8),

Foct [Hhot we do not P\-ove]: 3 60, £, € (0,)) st. §260 EL"(8)6 €0 .

12



Bundling Queries [6/7]

(2 how to handle +he hoisy case We no longer require that £ is the
That is Me=(f, (Agkegar) where {:F=F is arbitrary. (F,H,m)-extension T of some m:[{1+Z

PrOBLEM 2: The query Q%) to £ is NOT vni{:ormly random in F .

Indeed,
Qe(¥) := 2. Qx3)[y)- L[‘ﬂ,'(x)

i€lq) J
where {Lm,j()()}je [ O the Lagrange polynomials for [91.
The degree of each L[ﬂ’:‘(x) is q-1, and Lm’](l) is (typically) NoT uvniformly random for random ¥« IF.

Eg. the distribution {¥* | ¥ F bois SUPPorfed only on Squares of TF, (Aprox half the elements if char(F)#2.)

Fix 2:  We rondomize the query b £,

For every vef",
¥ie[q] Qpdy) = AlxQ)Ty) € H™

Qqv: =" s lynomials d \ °1-'{
3 is m polynomiols of e s9 Qqy (qt1):=V

Note that  for random ve ", ¥ ¥Ye F\[4] Qg (¥) is random in F'.

Tndeed,

Qq(¥) := ~i€Zm QU331 Lg,ig ((¥) + V- L

6.nd LE‘]*'],Q':I (N0 for ¥e F\I9].

[qt],91 (¥)




Bundling Queries

The Ffinal constryction,
Ty

P (x,w)

| T=Plxw e < fFHm,

2. F:F-F is (FH,m)-extension of
3. ¥ el veF™: dgile):=T(

4. V' O\,be ﬂ:m . go,b(z):= !ﬁ-(a‘t'l‘b)

= y

.

Qev(2)).

S. O\“‘-P\l“— .“-*:': (-ﬁ-, (agv)ge {°/‘}r/ ( ,%\Q,L)a’beﬁm )

ve f™

lemma.: PCP[&c €57, 4,q,r] < PCP

We can then set [HI=logd, m-=

| £
lezqmll-ll
L q'=4

log® _ legl
ogHT ~ Tt

V,(x)

17/7)

lines oracle’ of
degree d<m:|H|

N
b

)ge {0}, (

ve fF™

|. Sample gefoty, YeFrlql, ve "
2. Read ageff[2] and F(ng(x)).
2. Check that Qg ¥) = $(Qg®)

4. Check that Vix;¢)=1

when

answering |-th query with Gg.li).

5. Sample abeF" and Mé I

and check that F(am+b)= Gap(m).

€5 = max{ &0, (8), 1- (&) (1= T

L = IF"+ 27 [F " 1™
= +O(Vn-logm:')

||F|=0(<1m\HI).

IFl-9

e

) a,beﬂ:m)

14
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